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l. Introduction

The concept of fuzzy metric space was introduced by Kramosil and Michalek [8] in 1975. It was modified by
George and Veeramani [5].

On the other hand Gahler [4] Generalized usual notion of metric space that is known as 2- metric space. S. Sharma
[15] and S. Kumar [9] also introduced fuzzy -2-metric spaces without knowing each other but Ha et.al.[6] proved
that 2-metric need not be continuous function, the results obtained in the two settings had no easy relationship
between them. In 1992 Bapure Dhage [3] in his Ph.D. thesis introduced a new class of generalized metric space
called the D-metric space. However, Mustafa and Sims [10,11] both have pointed out that most of the D- metric
are invalid. To overcome some of these fundamental flaws, they have introduced the notion of G metric space.
Sun and K Yang [16] introduced the notion of Q-fuzzy metric space by using G metric space, Sedghi et.al [14]
introduced S-metric space which is a generalization of G- metric space. In 2015, N. Malviya [12] introduced the
notion N-fuzzy metric space using the compatible of S metric space and describe some of their properties and
examples. Recently in Ali et al.[2] introduced the notion of Intuitionistic N- fuzzy metric space (I N F M §), very
recently in 2023 Ishtiaq et al.[7] defined Intuitionistic Nj,- fuzzy metric space (I N,F M S), which is the
generalization of fuzzy metric space.

In the this paper, we define compatible and compatible of type (p) maps in intuitionistic Np-fuzzy metric
space(I N, F M S) and proved coincidence point theorem in symmetric intuitionistic Ny-fuzzy metric
space(I N, F M S) which generalize & extend the theorem of Agrawal S. et al [1 ] and Tenguria et al.[17]

1. Preliminaries

Definition 2.1 [9] A map *: [0,1] x [0,1] x [0,1] — [0, 1] is called a continuous t- norm if it satisfies the
following conditions:

Tyix(w,1,1) = u, »(0,0,0) =0
Tox (wv,p) = * (@ p,v) =* (v,p, 1)
T3:* is continuous
Ty* (#1’1/1, P1 ) = * (Mz’Vz, Pz»)for 1 = Uz, Ve, 2 Vo, P12 P2
examples of t-norm are (1): u x v« p=p.v.p and (2): uxv* p = min{y,v,p}(H — type)
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Definition 2.2 [9] A map *: [0,1] X [0,1] X [0,1] = [0,1] is called a continuous t- co-norm (CTCN) if it
satisfies the following conditions:

Ty:% (p,0,0)= u, %(0,00)=0

Tox (pv,p) = *(up,v) =% (,p, 1)

T5:* is continuous

Ty (ﬂ1'V1, P1 ) = % (Hz'vz, Pz»)for H1 = H2, V1 2 Vi, P12 P2
pxvx p= max{y,v,p} are called a maximum CTCN.

The concept of intuitionistic N}, -fuzzy metric space is defined as follows:

Definition 2.3[7]:- A six tuple (X, M, N,*,%,s) is an intuitionistic N,-fuzzy metric space(/ N, F M S), if X is an
arbitrary ( non-empty) set, » is a continuous t-norm, * is a continuous t- co-norm (CTCN), s > 1 is a real number,
Mand N are a fuzzy sets on X 3 % (0, o) satistying the following conditions for all u, v, p, e X and t,u,v > 0:

ADOM, v, p, )+ N, v, p, t) <1

({)yMu, v, p, t) >0

(@i)Mu, v, p, t) =1lifandonlyifu= v= p

(iv)M(w,v,p,s(u+v+1t)) =M, u,éu) x M(v,v,&,v) »M(p,p,&,t) forall £ € X.
w)Mu, v, p, .):(0,00) - (0,1] is a continuous function.

W) N, v, p, t) >0

Wi)N(w, v, p, t) =lifandonlyifu= v= p

Wil N(w, v, p,s(u+v+1t)) < N u,&u) % Nv,v,&v) *N(p,p,é,t) forall § € X.
(ix) N(w, v, p, .):(0,00) = (0,1] is a continuous function.

Here, M(u, v, p, t) and N(u, v, p, t) are membership and non-membership function of g,
v and p with respect to t.

Definition 2.4. [7] Let s 2 1 be a given real number. A function f: R = R will be called strictly
increasing if t < u implies that f (t) < f (su) and f'is called strictly decreasing if ¢ < u implies that f (t) 2 f (su).

Proposition 2.5. [7] Let (X,M, N,*,%,s) is an intuitionistic N, - fuzzy metric space(I N, F M S), then for all u, v €
X, the fuzzy set M and N are defined with respect to product such that M(u, u,v *): [0, ) — [0, 1] is
strictly increasing and N(u,pu,v %) : [0, ©) — [0, 1] strictly decreasing.

Definition 2.6.[7] Suppose (X,M, N,x,%,s) is an intuitionistic Np- fuzzy metric space(I N, F M S), then (X,M, N, x
,%,5) is called symmetric if

M(u,u,v, t) = M(v,v,u, t)and N(u,u,v, t) = N(v,v,u, t).
Forall u,v € X and t> 0.
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Definition 2.7. [7] Let (X, M, N,*,%,s) is symmetric intuitionistic Np,- fuzzy metric space.

(a) A sequence { un} in X is said to be convergent if there exists u € X such that lim,.,, M (pn, tn, p, t) = 1 and
lim, ., N (un, Un, 4, t) =0 Vt> 0. In this case u is called the limit of the sequence { un} and we write lim, ..,

Un = [, OT [in = U.

(b)A sequence { un } in (X,M, N,*,%,s) is said to be a Cauchy sequence if for every € € (0, 1), there exists ng
€ N such that M (un, pn, um, £) > 1—€ and N (un, pn, pim, t) <€, VI, N = ng and t > 0.

(c) The space X is said to be complete if every Cauchy sequence is convergent and it is called compact if every
sequence has a convergent subsequence.

Il. Main Result

We define compatible and compatible of type-P mappings in symmetric intuitionistic N, -fuzzy metric spaces.
Definition 3.1. Two self-mappings A and B of an symmetric intuitionistic N, -fuzzy metric space (X, M, N, *,
%, 5) are called compatible if M (ABpn, ABun, BAun, t) =1 and N (ABpn, ABun, BAun, t) = 0 whenever {ua} is a
sequence in X such that Bu,, = Au,, = u for all some u € X.

Definition 3.2. Two self-mappings A and B of an symmetric intuitionistic N, -fuzzy metric space (X, M, N, *,
%, 5) are called compatible of type (P) if M (AApn, AApn, BBun, t)=1and N (AApn, AApn, BBun, t) =0 whenever
{un} 1s a sequence in X such that Bu,, = Au,, = u for all some u € X.

Example 3.2.1. Let X = {% : neN} U {0} with » continuous t-norm and % continuous t-conorm defined by p *
q = pq and p % ¢ = min{1, p + q} respectively, for p, ge[0, 1]. For each t € [0, ) and p, v € X, define (M, N)
by

M(pv,w,t) = { -

t+ (u-w)=(w-v)[2’

if t>0,0, if t=0, and

_ _ _ 2
N(vwit) = (el ey 5 0 1, if t=0,

t+l(u-w)-(w-v)[2’

Clearly (X, M, N, x, %, 5) is a symmetric intuitionistic N}, -fuzzy metric space.
Define Ay = %and Qu = %on X and p, = %
Clearly, it can be easily observed that A and Q are compatible of type (P) mapping.

Our main result extends and generalize the fixed-point theorem of Agrawal et al [1], which is the application of
compatible of type(P) mapping in the new structure of symmetric intuitionistic N, -fuzzy metric space.

Theorem 3.3 Let (X, M, N, *, %, s) be a complete symmetric intuitionistic N, -fuzzy metric space with * t-norm
and % t-conorm defined as:

1. u*v =min{py, v}, u % v=max {pyuv}

2. M(u,uv*)and N(u, u, v %) are strictly increasing and strictly decreasing functions, respectively.

Let B, A: X = X be two self-mapping on X satisfy following conditions:

1) A(X) € B(X)

(11) One of B or A is continuous.

(1i1) (B, A) is compatible of type (P)
(iv) If forall ,v € X,k € (0,5),£>0,

M (Au, Ap,Av, kt)= min{ M (Au, Au,Bv, t), M (Av, Av,Bv, t), M (Av, Av,Bu, t)}
N (Ap, Ap,Av, kt)< max{ N (Au, Au,Bv,t), N Av, Av,Bv, t), N (Av, Av,Bu, t)}
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Then p is common fixed point of B and A.
Proof. Let uo € X. Since A (X) € B (X) there exist u2n+1 and p2n in X such that
Rion = Qpuont1 =vani1 for,n=1,2,3, ... (3.3.1)
Case 1. Putting p = pon and v = pon+1 in (iv) we get
M (von+1, van+t, vant2, kKt) = M (Bpon+1, Bpon+1, Bpon+2, kt) = M (Apon, Afon, Afon+1, kt)
> min{ M (Auzn, Ation, Bponi1, t), M (Apiont1, Apions1, Buionst, t), M (Apon,Apions1, Bpion, )},
=min{ M (Buon+1, Buon+1, Buon+1, t), M (Buon+2, Blon+2, Blon+1, t), M (Ban+2, Buon+2, Bion, t)},
=min{ M (van+1, Vanti, van+i, £), M (vant2, Vont2, vonti, t), M (vant2, Van+2, von, t)},
Since M (van+1, Van+1, van+1, t) = 1.
M (vane1, Vant1, vonez, Kt) 2 min{(1, M(van2, Vont2, vonet, £), M (vani2, Vant2, von, 1))},
2 min {( M (vans2, Vani2, vans, £), M (vani2, Vant2, van, 1))},
Since kt < é and by (ii) of theorem 3.3 M ( u, i, v %) is a strictly increasing function.
Ifmin{( M (van+2, V2n+2, van+i, £), M (van+2, Von+2, von, t))},= M (van+2, Vant2, von+, t)
Then we will reach to a contradiction M (van+1, Vani1, vani2, Kt) 2 M (vani2, Vania, vanii, t)

Therefore,
M (vani1, Vant1, vone2, KE) 2 M (vansa, Vani2, von, t)

t t t . ..
2 M (van+2, Vani2, V2n+1,£) * M (van+2, Von+2, V2n+1,§) * M (van+1, Von+l, vzn,g) (By using (iv) of definition 2.3
. t t .
=min { M (van+2, Vans2, V2n+1,§), M (van+1, Von+, vzn,;)} (By (i) of theorem 3.3)

Since kt < 3—ts and by (ii) of theorem 3.3. M ( u, i, v *) is a strictly increasing function.

t

3

. t t
I[f min { M (van+2, Vonto, V2n+2,§); M (van+1, Von+1, vzn,;)} =M (van+2, V2n+2, V2n+l,
Then we will again reach to contradiction,

M (vani1, Vont1, vani2, Kt) 2 M (vant1, Vontl, V2n+2,3—ts)
Which is not possible. Therefore, M (van+2, Van+2, van+i, Kt) = M (van+1, Vonti, vzn,B—tS)
In the similar manner, M (van+3, Van+3, van+2, Kt) = M (van+2, Vani2, vzn+1,3—ts)

In general, M (vu+1, Vn+1, vai2, kKt) = M (vn, Vi, vnﬂ,é) for n=1,2,3,....

t
And, M (vn+2, Vat2, vni3, kt) = M (vo+1, Votl1, Vo2, g) for n=1,2,3,....

Also, it follows that,
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t t
M (vo+1, Vort, var2, kt) = M (vn, Vi, Vn+1,£) > M (vn-1, V-1, Vn, m)

Continuing this, we get,

M (vn+1, Vott, var2, kt) = M (vo, Vo, v1, )= 0 asn — oo.

t
(Bs)n+1gn
Thus, in general, when n — oo, clearly,

1 > M (vn, Vn, vo+1, kt) = M (vo, Vo, v1, )- 1

—t
(3s)nkn-1
Thus, M (vn, Vn, vo+1, kt) = 1.
Furthermore,
N (van+1, vont1, van+2, kt) = N (Bpon+1, Blon+1, Bon+2, kt) = N (Apon, Apton, Atton+1, kt)
<max{ N (Auzn, Apon, Buon+1, t), N (Apton+1, Atlon+1, Bpon+, t), N (Apton+1, Alon+1, Blon, t)},
=max{ N (Buan+1, Buon+1, Buon+1, t), N (Bpan+2, Buont2, Buon+1, t), N (Buan+2, Buon+2, Buon, t)},
=max{ N (vant1, Vant1, vanii, t), N (vant2, Vani2, vonit, t), N (vani2, Vont2, von, t)},
= N (vant1, Van+1, vant2, kt) < max{N (van+2, Von+2, van+, t),N (van+2, Von+2, von, )}
Since N(van+1, Van+i, vonti, t) = 0.
N (van+1, Von+1, vont2, kt) < max{(1, N(van+2, V2n+2, von+i, t), N (vant2, Vont2, von, t))},
<max {( N (vant2, Von+2, van+i, t), N (van+2, Vont2, von, 1))},
Since kt < é and by of theorem 3.3 N( u, i, v *) is a strictly decreasing function.

I[f max{( N (van+2, Van+2, vanti, t), N (van+2, Vont2, von, t))},= N (van+2, Von+2, van+i, t)

Then we will reach to a contradiction N (van+1, Van+1, van+2, Kt) < N (van+2, Von+2, van+1, t) 1S not possible.

Therefore,
N (vant1, Vant1, vont2, Kt) < N (van+2, Van+2, von, t)

t t t
< N(van+2, Von+2, V2n+l,§) % N(van+2, Vane2, V2n+],£) % N (von+1, Vontl, V2n,£)
B t t
=max { N (van+2, V2n+2, V2n+1,§); N (vant1, Van+i, V2n,£)}

Since kt < 3—ts and by (ii) of theorem 3.3. N( u, u, v %) is a strictly decreasing function.

t t t
If max { N (van+2, Vons2, vzmz,g), N (vant1, Von+i, V2n,£)} = N (van+2, V2n+2, V2n+l,§),

Then we will again reach to contradiction,

¢
N (van+1, Vanti, van+2, kt) < N (vant1, Van+, vzmz,;)
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Which is not possible. Therefore, N (van+2, Vant2, van+i, kt) < N (van+1, Vonti, vzn,3—2)
In the similar manner, N (van+3, V2n+3, van+2, kt) < N (van+2, Vonto, V2n+17é)

In general, N (vo+1, Vo+1, Va2, kt) < N (vn, Vn, Vn+1,é) for n=1,2,3,....

And, N (vne2, Vi, v, kt) N (1, Vi, vns2, o) for n=1,2.3,....

Also, it follows that, N (vn+1, Va+1, vat2, kt) < N (vn, Vi, Vnﬂ’_) < N (va-1, Va1, v, (3s t)Zk)

Continuing this, we get, N (vn+1, Va+1, va+2, kt) < N (vo, Vo, v1, )= 0 asn — oo,

t
(3S)n+1kn
Thus, in general, when n — oo, clearly,

0 < N (vn, Vn, vat1, kt) < N (vo, Vo, v1, -0

(3 )n+1kn 1)
Therefore, N (vn, Vn, vnt1, kt) = 0.

Hence, M (vi, Vn, vu+1, kt) = 1. And N (vn, Vi, vn+1, kt) 20 as n — oo forany t > 0,
Next, we show that the sequence { va} is a Cauchy sequence.

For each £ > 0 and t > 0, we may be chosen ng € N such that

M (vn, Vo, vas1, £) > 1 — € for all n > noand N (vn, Va, vat1, t) < € for all n>ng

Form,n € N, we suppose m 2 n. Then we have

t t t
M (Vl’l, Vn, Vm, t) 2 M (Vn, Vn, Vn+],£) * M (Vn, Vn, Vn+l,§) * M (Vn+], Vn+l, Vm,;)

)

t
2 M (vn, Vn, vn+1,§) * M (vot1, Vot1, virz,—=——=)% M (vnt1, Vatl, Vor2,——

(3s )2 (s )2

o)

*M (Vn+2, Vn+2 Vm, (3 )2

S

t
2 M (vn, Vn, Vn+1,£) * M (vot1, Vot1, var2,—=)* M (vnt2, Va2, Vntl,

(3s )2 (s )3

=> M @WnVo,vnet, £) 2 (L —€) *x(1—e)* (1 — €)..(1 —¢)

=min {(1 —¢),(1-¢),(1 — &) ..(1-¢)}
And

t t t
N (Vn, Vn, Vm, t) < N (Vn, Vn, Vn+],£) x N (Vn, Vn, Vn+l ,;) % N (Vn+], Vn+l, Vm,;)

t t
< N (Vn, Vh, Vn“’g) x N (Vn+1, Vntl, Vnt2,o 5 )* N (Vnﬂ Vn+l, V2,75 )* N (Vn+2, Vn+2, Vm, (35)2)

()2 ()2
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t

t
< N (vn, Vn, vn+1,;) % N (vnt1, Vat, Vni2igaa

)% N (vnt2, Vn+2, Vi, é) ...
= N (Vn, Vn, v+, 1) < e% g% g% .. % ¢

=max {g, &¢&,..£}=¢
Hence, {vn} is a Cauchy sequence in X.
Since (X, M, N,*,%, k) is complete. In view of completeness of the space, sequence
{van} converges to some point u € X. Also, its subsequence converges to the same
Point i.e., Apon = Buon — a. Now, shall prove Ba = «a then
M (a,a, Ba, Kt) 2 M (a, @, Apionz) * M (a, @, Afion=2) * M (Atton, Ation, Ba>),
B is continuous and A, B are Compatible type P

such that n - co. AAu2n = Ba, BBu:x— Ba,

M (a,a, Ba, kKt) 2 M (a, a. AMzn,g) *M (a,a, A,U2n,g) * M (Apan, Apion, AAﬂzn,g),
=M (a’ . AﬂZn,g) *min {M (Al'l'zn7 Al'l'zna BA,u2m3_tS)l M (AAHZH, AA,UZn, BA,uZmé):

M (AA.UQH, AA,U2n, B,u—zn,%)}

Since Apon = Bpon — a and B and A are compatible type (p) mapping.

Therefore, as n — oo, we get, AAu>n — Ba, BBux— Ba.
kt . t t t
<M (a,a, a,g) *min {M (a, a, Ba,g), M (Ba, Ba, Ba,g), M (Ba, Ba, a,g)}
kt . t t t
<M (a, a, a,;) *min {M (a, a, Ba,;), M (Ba, Ba, Ba,;), M (e, a, Ba,;)}
= M (a,a, Ba, kt) 2 M (a, a, Ba,g—ts)

(Since, M (a, a, a,g) = 1and M (Ba, Ba, Ba,g—ts)= 1, forall t > 0)

Therefore, Ba = a. now we will show that Aa = a.

for that let 4 = « and v = Apon then, (iv) of theorem (3.3) becomes

M (Aa, Aa. AApon, kt)= min{ M (Aa, Aa. BApon,t), M (AApan, AApian, BApant), M (AApian, AAuon, Bat)}

Since Apon = Buon — a, B is continuous and B, A are compatible type (p) such that
AApon=BBunw= Ba =«

M (Aa, Aa, a, kt)2 min{ M (Aa, Aa, Ba t), M (a, a, Ba,t), M (a, @, Ba.t)}

M (Aa,Aa, a, kt)2 min{ M (Aa, Aa, a,t), M (a, @, a,t), M (a, @, a,t)},

Since, M (a, a, a,t)=1 for all t > 0. Therefore, M (Aa, Aa. a, Kt)= M (Aa, Aa, a,t)
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Thus, Aa = a.Hence, «a is a fixed point of A and B.

Now, we prove Ba = a for N

kt kt kt
N (a,a, Ba,kt) < N (a, a, Amn,;) %N (a, a, Amn,g) s N (Apon, Alon, Ba,z),
B is continuous and A, B are Compatible type P

such that n = co. AAun = Ba, BBu:x— Ba,

kt kt kt
N (a,a, Ba, kt) < N (a, a, AMZ“’E) %N (a, a, Auzn,z) % N (Auan, Alion, AA,uzmz),
s N (a’ a, Aﬂzn,g) * max {N (A[,Qn, A‘len, BA/«‘ZH,%), N (AA,LQn, AA,UZn, BA,Ll2n,é),

N (AA.UQH, AA,U2n, B,u—zn,%)}

Since Apon = Buon — a and B and A are compatible type (p) mapping.

Therefore, as n = oo, we get, AAu>n — Ba, BBux— Ba.

kt t t t
<N (a,a, a,z) * max {N (a, a, Ba,;), N (Ba, Ba, Ba,z), N (Ba, Ba, a,;)}
<N Ky % (N (a,@. Ba,~), N (Ba, Ba. Ba,~),N Ba, =)}
<N (a,«, a,3s) % max a, a, a,3s), (Ba, Ba, o (a, a, a,3s)
= N (a,a, Ba,kt)< N (a, a, Ba,3—ts)
(Since, N (a, a, a,g) = 0and N (Ba, Ba, Ba,g—ts)= 0, forall t > 0)

Therefore, Bae = a.now we will show that Aa = «a.

for that let u = e and v = Auonthen, (iv) of theorem (3.3) becomes
N (Aa, Aa, AAuon, kt)< max{ N (Aa, Aa, BAuon,t), N (AAuon, AAuon, BAuon,t), N (AApon, AAuon, Ba,t)}
Since Apon = Buon — a, B is continuous and B, A are compatible type (p)
such that
AApon=BBumw= Ba =«
N (Aa, Aa, a, kt) <max { N (Aa, Aa, Ba,t), N (a, a, Ba,t), N (a, a, Ba,t)}
N (Aa, Aa, a, kt) <max { N (Aa, Aa, a,t), N (a, @, a,t), N (a, a, a,t)},
Since, N (a, a, a,t)=0 for all t > 0.
Therefore, N (Aa, Aa, a, kKt < { N (Aa, Aa, a/t)
Thus, Aa = «. Hence, «a is a fixed point of 4 and B.
Uniqueness. Let a’ be another coincidence and common fixed point of A and B.
then Ba' = Aa’ = a'. we get
M (Aa, Aa, Ad', kt)= min{ M (Aa, Aa, Ba't), M (Ad', Ad’, Ba' t), M (Aa’, Ad’, Ba,t)},
M (a,a.a', kKt) 2 min {M (a,a. a',t), M (', a’ a',t), M (&, &', a)t)},
(since M (a', &', &' t) for all t > 0)
Therefore,
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M(a,a.a', Kt)Z M (a, . a',t) 2 M (a,q, a’,i) 2 M(a, a,k—tz)--- 2M(d,a a,

t
kn—1

)= 1, Asn = oo,

And,

N (Aa, Aa, Ad', kt) < max{ N (Aa, Aa, Ba't), N (Aa’, Aa’ Ba't), N (Aa’, Aa’, Ba,t)},
N (a, @, a', kt) <max{ N (a,a, a’,t), N (a',a’ a't), N («,a at)},

(since N (o', &', a',t) for all t > 0)

Therefore,

N (a,a, a', kt)< N (a,a, a’,t) <N (a,q, a’,i) <N, a a,i)... < N (a,a a,L)—> 0, Asn — oo,

k2 kn-1

We get a = a’. Therefor, « is the Coincidence and common fixed point of self- mappings A and B.

Iv.
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