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I. Introduction and Preliminaries 

The concept of asymptotically regularity was introdused by Browder and Petryshyn [2] in 1966 . After that 
many authors see [5,6,9] done theire work for these sequence and  maps and proved fixed point theorems.    

On the other hand , In the histry  of  Mathematical analysis  there are various generalization of  metric spaces 
like as 2- Metric space Gahler [7,8],  D-metric space [3,4] , G-metric Space [11,12], S-metric Space [13], b-
metric Space [1], 𝑆! metric space [14]  etc.  In 2017,   Rohen Y et al. [15]  modified the definition of  𝑆! 
metric space, which was the real generalization of  b- metric space and S-metric space and studied various 
properties and their applications in fixed point theory.  In 2018 , Mlaki et al. [10] introduesed the notion of  
extended  𝑆!- metric space which generalized the 𝑆!-metric space.  

In present paper,  after introduction and preliminaris  in section 2 ,we define   asymptotically regular  sequence 
and maps   with example  in  extended symmetric 𝑆! metric space and investigate  two  fixed point results  in 
this  structure.  

 
Definition 1.1 [7,8]: Let 𝑋	be a nonempty set. A generalized metric (or 2-metric) on 𝑋 is a function d: 𝑋" →
𝑅# that satisfies the following conditions for all 𝑥, 𝑦, 𝑧, 𝑎 ∈ 𝑋. 

1. d(𝑥, 𝑦, 𝑧) ≥ 0 
2. d(𝑥, 𝑦, 𝑧) = 0 if and only if 𝑥 = 𝑦 = 𝑧 
3. d(x, y, z) = d(p{x, y, z}), (symmetry),where p is permutation function, 
4. d(𝑥, 𝑦, 𝑧) ≤ d(x,y,a) + d(x,a,z) +d(a,y,z) for all 𝑥, 𝑦, 𝑧, 𝑎 ∈ 𝑋. 

Then the function d is called a 2- metric and the pair (X, d) is called a 2-metric space. 

Definition 1.2 [11,12]: Let 𝑋	be a nonempty set. A 𝐺- metric on 𝑋 is a function 𝐺: 𝑋" → [0,∞	) that satisfies 
the following conditions for all 𝑥, 𝑦, 𝑧, 𝑎 ∈ 𝑋. 

1  𝐺(𝑥, 𝑦, 𝑧) = 0	𝑖𝑓	𝑥 = 𝑦 = 𝑧 
2  0 < 𝐺(𝑥, 𝑦, 𝑧)	𝑓𝑜𝑟	𝑎𝑙𝑙	𝑥, 𝑦 ∈ 𝑋	𝑤𝑖𝑡ℎ	𝑥 ≠ 𝑦,  
3  𝐺(𝑥, 𝑥, 𝑦) ≤ 𝐺(𝑥, 𝑦, 𝑧)𝑓𝑜𝑟	𝑎𝑙𝑙	𝑥, 𝑦, 𝑧 ∈ 𝑋	𝑤𝑖𝑡ℎ	𝑥 ≠ 𝑦,	 
4  𝐺(𝑥, 𝑦, 𝑧) = 𝐺(𝑥, 𝑧, 𝑦) = 𝐺(𝑦, 𝑧, 𝑥)………. 
5  𝐺(𝑥, 𝑦, 𝑧) ≤ 𝐺(𝑥, 𝑎, 𝑎) + 𝐺(𝑎, 𝑦, 𝑧) for all 𝑥, 𝑦, 𝑧, 𝑎 ∈ 𝑋. 
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Then the function 𝐺 is called an G- metric and the pair (𝑋, 𝐺) is called a 𝐺-metric space. 

Definition 1.3 [13]: Let 𝑋	be a nonempty set. An 𝑆-metric on 𝑋 is a function  𝑆: 𝑋" → [0,∞	) that satisfies 
the following conditions for all 𝑥, 𝑦, 𝑧, 𝑎 ∈ 𝑋. 

1. 𝑆(𝑥, 𝑦, 𝑧) ≥ 0 
2. 𝑆(𝑥, 𝑦, 𝑧) = 0 if and only if 𝑥 = 𝑦 = 𝑧 
3. 𝑆(𝑥, 𝑦, 𝑧) ≤ 𝑆(𝑥, 𝑥, 𝑎) + 𝑆(𝑦, 𝑦, 𝑎) + 𝑆(𝑧, 𝑧, 𝑎) 

Then the function 𝑆 is called an 𝑆- metric and the pair (𝑋, 𝑆) is called an 𝑆-metric space 

Definition 1.4 [1]: Let X  be a nonempty set and 𝑠 ≥ 1 a given real number. A function d : X × 
X→ R+ is a 𝑏-metric on X if, for all x, y, z ∈ X, the following conditions hold: 

(1) d(𝑥, 𝑦) = 0 if and only if 𝑥 = 𝑦, 

(2) d(𝑥, 𝑦) = d(𝑦, 𝑥), 

(3) d(𝑥, 𝑧) ≤  s [d(𝑥, 𝑦) +d (𝑦, 𝑧)]. 

In this case, the pair (X, 𝑑) is called a 𝑏-metric space 

Definition 1.5 [14]: Let 𝑋	be a nonempty set and s ≥ 1 be a given real number. An 𝑆! metric on 𝑋 
is a function	𝑆!: 𝑋" → [0,∞	)	, that satisfies the following conditions for all 𝑥, 𝑦, 𝑧, 𝑎 ∈ 𝑋. 

 
1. 𝑆!(𝑥, 𝑦, 𝑧) = 0 if and only if 𝑥 = 𝑦 = 𝑧 
2. 𝑆!(𝑥, 𝑦, 𝑧) =𝑆!(𝑥, 𝑦, 𝑧)     for all x, y, ∈ X 
3. 𝑆!(𝑥, 𝑦, 𝑧) ≤ 𝑠[𝑆!(𝑥, 𝑥, 𝑎) + 𝑆!(𝑦, 𝑦, 𝑎) + 𝑆!(𝑧, 𝑧, 𝑎)] 

Then the function 𝑆! is called an 𝑆! metric and the pair (𝑋, 𝑆!) is called an 𝑆! metric space. 

Remark 1.   In 2017, Rohen Y et al. [15] proved that the condition 2 of Definition 1.5 is not generally true . 
They have defined modification of 𝑆! metric space as follows    

Definition 1.6 [15]: Let 𝑋	be a nonempty set and s ≥ 1 be a given real number. An 𝑆! metric on 𝑋 
is a function	𝑆!: 𝑋" → [0,∞	)	, that satisfies the following conditions for all 𝑥, 𝑦, 𝑧, 𝑎 ∈ 𝑋. 

Fig. 1.  𝑆!(𝑥, 𝑦, 𝑧) = 0 if and only if 𝑥 = 𝑦 = 𝑧 
Fig. 2.  𝑆!(𝑥, 𝑦, 𝑧) ≤ 𝑠[𝑆!(𝑥, 𝑥, 𝑎) + 𝑆!(𝑦, 𝑦, 𝑎) + 𝑆!(𝑧, 𝑧, 𝑎)] 

 
Then the function 𝑆! is called an 𝑆! metric and the pair (𝑋, 𝑆!) is called an 𝑆! metric space 

Definition 1.7[10]: Let 𝑋	be a nonempty set and  a function 𝜃: 𝑋" → [1,∞). An extended	𝑆! metric  on 𝑋 is 
a function	𝑆$ ∶ 𝑋" → [0,∞) that satisfies the following conditions for all 𝑥, 𝑦, 𝑧, 𝑎 ∈ 𝑋. 

1.							𝑆$(𝑥, 𝑦, 𝑧) = 0 if and only if 	𝑥 = 𝑦 = 𝑧 

2									𝑆$(𝑥, 𝑦, 𝑧) ≤ 		𝜃(𝑥, 𝑦, 𝑧)	[	𝑆$(𝑥, 𝑥, 𝑎) + 𝑆$(𝑦, 𝑦, 𝑎) + 𝑆$(𝑧, 𝑧, 𝑎)]	

Then the function  𝑆$is called extended 	𝑆! - metric and the pair (𝑋, 𝑆$) is called  extended 𝑆!-metric space 
or 𝑆$ metric space. 

Definition 1.8[10]. Let (X, 𝑆$) be a extended  𝑆!-metric space then	𝑆$ is called symmetric if  
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 𝑆$(𝑥, 𝑥, 𝑦) = 𝑆$(𝑦, 𝑦, 𝑥)			∀𝑥, 𝑦	 ∈ 𝑋	(	𝑆𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐	𝑃𝑟𝑜𝑝𝑒𝑟𝑡𝑦	)	 

For the definitions of convergence and Cauchy sequence in extended 𝑆! metric space reader can refer [10] 

Example 1.9[10] Let  𝑋 = [0, %
&
	]. Define 𝑆$ ∶ 𝑋" → [0,∞)	by  𝑆$(𝑥, 𝑦, 𝑧) = ({𝑥, 𝑦} 	− 𝑧)' 

              And 𝜃 ∶ 𝑋3 → [1,∞)	by  𝜃(𝑥,𝑦, 𝑧) = {𝑥,𝑦} 	+ 𝑧 + 1 

              Thus, (X, 𝑆$) is a completed  symmetric extended 𝑆!-metric space. 

II. Main results 
Here we will define asymptotically regular sequences and maps in  symmetric extended 𝑆!-metric spaces. 

 
Definition 2.1. Let (X, 𝑆$) be a symmetric extended 𝑆!-metric space. A sequence {𝑥𝑛} in X is said to be 
asymptotically T- regular if   
 

	𝑆$(𝑥*		, 𝑥*		, 𝑇	𝑥*) = 0	 

                                                                         OR                                 	
	𝑆$(𝑇𝑥*		, 𝑇𝑥*		, 𝑥*) = 0	 

                
 
Example 2.2. Let (X, 𝑆$) be a symmetric extended 𝑆!-metric space as defined in example (1.9) and T be a 
self map on X such that 𝑇𝑥 = ,

"
 and choose a sequence {𝑥𝑛} , such that 𝑥* → 0    for any positive integer n. 

we deduce that  
	

	𝑆$(𝑥*		, 𝑥*		, 𝑇	𝑥*)	 

  
                                               =	 𝑙𝑖𝑚

*→.
({𝑥*		, 𝑥*		} 	− 𝑇𝑥*		)' 

                                               =    	 𝑙𝑖𝑚
*→.

(𝑥*		 −
	,!		
"
)' = 𝑙𝑖𝑚

*→.

	&	,!		#

/
   =   0  	𝐴𝑠	𝑥* → 0        

                                                
Hence {𝑥𝑛} is an asymptotically T-regular sequence in (X, 𝑆$) 
 
Definaition 2.3. Let (X, 𝑆$) be a symmetric extended 𝑆!-metric space. A mapping of X into itself is said to 
be asymptotically regular at a point x in X if  

	
	𝑆$(	𝑇*𝑥, 𝑇*𝑥, 𝑇*#%𝑥		) = 0	 

                                                                         OR  
	𝑆$(𝑇*#%𝑥, 𝑇*#%𝑥	, 𝑇*𝑥) = 0	 

 
Example 2.4. Let (X, 𝑆$) be a symmetric extended 𝑆!-metric space as defined in example (1.9) and T be a 
self map on  X such that  𝑇𝑥 = 	 ,

&
	  Where 𝑥 ∈ 𝑋.then  we have  
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	𝑆$(	𝑇*𝑥, 𝑇*𝑥, 𝑇*#%𝑥		)	  =	 𝑙𝑖𝑚*→.

({𝑇*𝑥, 𝑇*𝑥}−𝑇*#%𝑥)'                                                                            
=	 𝑙𝑖𝑚

*→.
(𝑇*𝑥−𝑇*#%𝑥)' 

                                                      =	 𝑙𝑖𝑚
*→.

((,
&
	)* − (,

&
	)*#%)' 

                                                       =  0 
 
Hence T is an asymptotically regular map at all points on X. 

III. Application 
As an application of asymptotically regular sequence and maps, we present some fixed points 

theorems  in symmetric extended 𝑆!-metric space. 

 
Theorem 4.1: Let (X, 𝑆$) be a symmetric extended 𝑆!-metric space and T be a self mapping on X satisfying 
in the inequality. 
 
𝑆$(𝑇𝑥, 𝑇𝑥, 𝑇𝑦) ≤ 		 𝑎	𝑆$(𝑦, 𝑦, 𝑇𝑦) ∀𝑥, 𝑦 ∈ 𝑋	and 	𝑎 ≥ 0 ………………………..(1) 

If there exists and asymptotically T-regular sequence in X ,then T has a unique fixed point. 
 
Proof: let {𝑥𝑛}	be an asymptotically T-regular sequences in X then by (2) of  Definition 1.7  we have  
 

𝑆$(	𝑥𝑛, 𝑥𝑛, 𝑥𝑚) ≤ 𝜃(𝑥𝑛		, 𝑥𝑛		, 𝑥𝑚		)[	2	𝑆$(𝑥𝑛		, 𝑥𝑛		, 𝑇𝑥𝑛		) + 	𝑆$(𝑥𝑚		, 𝑥𝑚		, 𝑇𝑥𝑛		)]	

≤ 𝜃(𝑥𝑛		, 𝑥𝑛		, 𝑥𝑚		)+	2	𝑆𝜃(𝑥𝑛		, 𝑥𝑛		,𝑇𝑥𝑛		)+𝜃(𝑥𝑚		, 𝑥𝑚		, 𝑇𝑥𝑛		)	[2𝑆𝜃(𝑥𝑚		, 𝑥𝑚		,𝑇𝑥𝑚		)+ 	𝑆𝜃(𝑇𝑥𝑛			𝑇𝑥𝑛		, 𝑇𝑥𝑚		),]	

          	
										≤ 𝜃(𝑥$		, 𝑥$		, 𝑥%		)1	2	𝑆𝜃(𝑥$		, 𝑥$		,𝑇𝑥$		)+ 𝜃(𝑥%		, 𝑥%		, 𝑇𝑥$		)	{2𝑆𝜃(𝑥%		, 𝑥%		,𝑇𝑥%		) + 	𝑎𝑆𝜃(𝑥%		, 𝑥%		, 𝑇𝑥%		)})3   
(by condition 1 of theorem 4.1 ) 

Since {𝑥𝑛} is an asymptotically T-regular sequence and 𝑚 > 𝑛. 
Therefore  𝑆$(𝑥*		, 𝑥*		, 𝑇𝑥*		) → 0 and  	𝑆$(𝑥1		, 𝑥1		, 𝑇𝑥1		) → 0  as  𝑚, 𝑛 → ∞ .     
Hence {𝑥𝑛} is a Cauchy sequence.             
             

Existence of Fixed point: 
 
Consider 	𝑆$(𝑇𝑥, 𝑇𝑥, 𝑥) ≤ 𝜃(𝑇𝑥, 𝑇𝑥, 𝑥)[	2	𝑆$(𝑇𝑥, 𝑇𝑥, , 𝑇𝑥𝑛		) + 	𝑆$(𝑥, 𝑥, 𝑇𝑥𝑛		)]		  

                           ⇒ 	𝑆$(𝑇𝑥, 𝑇𝑥, 𝑥) ≤ 𝜃(𝑇𝑥, 𝑇𝑥, 𝑥)[	2𝑎	𝑆$(𝑥𝑛		, 𝑥𝑛		, 𝑇𝑥𝑛		) + 	𝑆$(𝑥, 𝑥, 𝑇𝑥𝑛		)]	 

																																																																																																														(𝑏𝑦	𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛	1	𝑜𝑓	𝑡ℎ𝑒𝑜𝑟𝑒𝑚	4.1	)	  

	⇒ 𝑆$(𝑇𝑥, 𝑇𝑥, 𝑥) ≤ 𝜃(𝑇𝑥, 𝑇𝑥, 𝑥)[	2𝑎	𝑆$(𝑥𝑛		, 𝑥𝑛		, 𝑇𝑥𝑛		) + 𝜃	(𝑥, 𝑥, 𝑇𝑥𝑛		){		2𝑆$(𝑥, 𝑥, 𝑥𝑛		) + 	𝑆$(𝑇𝑥𝑛		, 𝑇𝑥𝑛		𝑥𝑛		)	]	

Since {𝑥𝑛} is an asymptotically T-regular sequence  therefore by definition 2.1 we have   

																																																																𝑆$(𝑇𝑥, 𝑇𝑥, 𝑥) ≤ 0   as 𝑛 → ∞ 

⇒ 𝑇𝑥 = 𝑥	

Uniqueness:  
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                       Let z be another fixed point of T then 

		𝑆$(𝑥, 𝑥, 𝑧) = 𝑆$(𝑇𝑥, 𝑇𝑥, 𝑇𝑧)	

																																																																							≤ 	𝑎𝑆$(𝑧, 𝑧, 𝑇𝑧)		(by condition 1 of theorem 4.1 ) 

                                                                             = 𝑎𝑆$(𝑧, 𝑧, 𝑧) 

                                                                               =  0 

																																																																																	⇒ 𝑥 = 𝑧	

This complestes the proof of theorem 4.1 

Theorem 4.2: Let (X, 𝑆$) be a symmetric extended 𝑆!-metric space and T be a self mapping of X satisfying  
the condition  (1) of  theorem 4.1 ,      
 
if  T is asymptotically regular at some fixed point x of X, then there exists a unique fixed point of T. 
 
Proof: Let T be  asymptotically regular at 𝑥2 ∈ 𝑋. Consider the sequence {𝑇*𝑥2}  then for all 𝑚, 𝑛 ≥ 1 and 
𝑚	 > 𝑛 
 
	𝑆$(		𝑇1𝑥2	, 	𝑇1𝑥2	, 	𝑇*𝑥2) ≤ 	𝑆$(	𝑇	𝑇13%𝑥2	, 	𝑇𝑇13%𝑥2	, 	𝑇𝑇*3%𝑥2)  
 
																																																	≤ 	𝑎	𝑆$(		𝑇*3%𝑥2	, 	𝑇*3%𝑥2	, 	𝑇*𝑥2)  by condition 1 of theorem 4.1 
 
Since  T is asymptotically regular at some fixed point 𝑥2 therefore  
𝑆$(		𝑇*3%𝑥2	, 	𝑇*3%𝑥2	, 	𝑇*𝑥2) 	→ 0  
Then 	𝑆$(		𝑇1𝑥2	, 	𝑇1𝑥2	, 	𝑇*𝑥2) → 0	 as  𝑚, 𝑛 → ∞ .  
    
 Therefore {𝑇*𝑥2}   is a Cauchy sequence in X which is complete space .So, {𝑇*𝑥2} → 𝑥 ∈ 𝑋    
 
Existence of Fixed Point  
                                   Now we claim that x is a fixed point to T , for this we have 
 

	𝑆$(𝑇𝑥, 𝑇𝑥, 𝑥) ≤ 𝜃(𝑇𝑥, 𝑇𝑥, 𝑥)[	2	𝑆$(𝑇𝑥, 𝑇𝑥, 	𝑇*𝑥2) + 	𝑆$(𝑥, 𝑥, 	𝑇*𝑥2)]	

                              	
																																																	= 𝜃(𝑇𝑥, 𝑇𝑥, 𝑥)[	2𝑆$(𝑇𝑥, 𝑇𝑥, 𝑇𝑇*3%𝑥2) + 	𝑆$(𝑥, 𝑥, 	𝑇*𝑥2)] 
 

																																				≤ 𝜃(𝑇𝑥, 𝑇𝑥, 𝑥)[	2𝑎	𝑆$(	𝑇*3%𝑥2, 	𝑇*3%𝑥2, , 	𝑇*𝑥2) + 	𝑆$(𝑥, 𝑥, 	𝑇*𝑥2)]	

                                                                                                          by condition 1 of theorem 4.1 
 
 
Since	{𝑇*3%𝑥2} is a subsequence of {𝑇*𝑥2}	𝑡ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒		{𝑇*3%𝑥2} 	→ 𝑥 ,  therefore we have   
 
																																																																𝑆$(𝑇𝑥, 𝑇𝑥, 𝑥) ≤ 0   as 𝑛 → ∞ 

⇒ 𝑇𝑥 = 𝑥	

   The uniqueness of the fixed point x follows as theorem (4.1).  
    This completes  the prrof of the Theorem (4.2). 
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Remark 2 : It is worth mentioning that in  theorem 4.1 and 4.2 fixed point of map are not  required any 
condition of function  𝜃.  
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