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Abstract—In this paper, we introduce the concept of various mappings like compatible mappings,
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I Introduction

Recently Sarkar et.al [9] introduce S-Menger space, very recently Keer et.al [6-8] introduce the S;, —Menger
space which is the generalization of S and b metric space.

On the other hand, the various types of compatible maps play a very important role in fixed point theory. The
notion of compatible mappings was introduced by Gerald Jungck [4] in (1986). The definition of semi-
compatible mappings was defined by Y. J. Cho, B. K. Sharma and S. S. Sahu [3] in (1995). The concept of
weakly compatible mappings was given by Gerald Jungck [5] in (1996) and the concept of property (E.A.)
was introduced by Aamri and El Moutawakil [1] in [2002].

By inspiring above work, we investigate various types of compatible maps, weak compatible maps, semi-
compatible maps and the property (E.A) in the structure of S, —Menger space. Our results extend and
generalize the result of Alam et.al [2] in S, —Menger space.

l. Preliminaries

We recall the following definitions.

Definition 2.1.[ 10] A map *: X3 — X is called continuous t-norm if it satisfies the following conditions:

1. *(a,1,1) =a, *0,0,0)=0;
2. x(a,b,c) =x(a,c,b,) =*(b,c,a);

3. * (al, bl’ C1) 2* (aZI bz, Cz) fOI‘ a1 2 az, bl 2 bz 'Cl 2 C2 .

Examples of ¢ —norm are
lix*y*z=x.y.z and

2:x xy * z =min {x.y.Z} minimum ¢ —norm
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Definition 2.2. ([9] S-Menger space)

The 3-tuple (X, S,*) is said to be S-Menger space if X is a non-empty set, S is a function defined on X3 to the

set of distribution function and * is a continuous third order #-norm such that the following conditions are

satisfied:
l. Siy»(0)=0forallx,yzeX
2. Seexy(®) <1fort>0withx #y,
3. Stxyz(t) =1forallt > 0,ifandonlyifx =y = z,
4. S(x,y,z) (t) =% (S(x,x,a) (tl)rS(y,y,a) (tz)'s(z,z,a) (t3))r

wheret =t; +t, +tyand ¢, ty,¢t,,t; > 0forall x,y,z,a € X

Definition 2.3.[6] (S, —Menger space): The quadruple (X, S,,*, k) is said to be S,-Menger space if X be a
nonempty set, and k = 1 be a given real number, S, is a distribution function on X3 and * is a continuous
third order #-norm such that the following conditions are satisfied:

1. Spxy(0) =0forallx,y,z € X

2. Spiexy)() < 1fort >0 withx # y,

3. Spxyz(t) =1forallt > 0,ifand only if x = y = z,

4. Sb(x,y,z)(kt) > [* (Sb(x'x'a)(tl)'Sb(y,y,a)(tz)'Sb(z,z,a)(tg))],

wheret = t; +t, +tyand ¢, ty,¢t,,t; > 0forall x,y,z,a € X
Definition 2.4. [6] The S;, — Menger space is called symmetric if Sy (5 x,.)(t) = Sp(y,y.x) (£)

Definition 2.5. [6] Let (X, Sp,*, k) be a symmetric S;, — Menger space then a sequence {x,} € X is said to be
convergent to a point x € X if Sy, » ) (t) =1 forall t > 0.

Definition 2.6. [6] Let (X, Sp,*, k) be a symmetric S;, — Menger space then a sequence {x,} € X is called
Cauchy sequence if x € X if Sp(x x, x,,0(t) =1 forall t,s > 0.

Lemma 2.7.[6] Let (X, Sp,,*, k) be an §,-Menger space with continuous third order t-norm. Then Sy, x5 (t)

is non-decreasing with respect to t, for all x,y € X

Wherever Times is specified, Times Roman or Times New Roman may be used. If neither is available on
your word processor, please use the font closest in appearance to Times. Avoid using bit-mapped fonts. True
Type 1 or Open Type fonts are required. Please embed all fonts, in particular symbol fonts, as well, for math,
etc.

1l. Main Results

Definition 3.1. Let S and 7' maps from an S;, —Menger space (X, S, *k ) into itself. The maps S and 7 are
said to be compatible, if for all 7> 0.

Sh(sTxp, 5Ty, Tsx,) (£) =1
whenever {x, } is a sequence in X such that Sx,, = Tx,, = z for some z € X.

Example 3.2. Let X = [2,20). For each t € (0, ) and for all x,y, z € X, define
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t
t+[|x—z|+|y—z]]2’

>0

Sb(x,y,z) (t) = {0' t=0

Clearly (X, Sp,*, k) is an S,-Menger space, where * is defined by a * b * ¢ = abc.
Let g and f be self-maps of X defined as

Sx)={2, ifx=20rx>56, if2<x<5 T(x)=1{2 ifx = 2o0rx >
512 if2 <x <5 if x > 5.

Let sequence {x,} be definedas x, = 5+ 1/n , n 2 1 then we have

Sx, = lim Tx,=2.

n—-oo

t _t ~1
t+[[2—2|+|2-2]]2 t+0

Hence, § and T satisfy the property (E.A.). Also, lim Sp(srx,, sTx, T5x,)(E) =
n—>oo

This shows that 7" and f'are compatible.

Definition 3.3. Let S and 7 be maps from an S, —Menger space space (X, Sy, k) into itself. The maps are
said to be weakly compatible, if they commute at their coincidence points, that is, Sz = T z implies that ST z
=T8Sz

Definition 3.4. Let S and 7' maps from an Sj,-Menger space (X, S;,, *k ) into itself. The maps S and 7 are
said to be semi-compatible, if for all #> 0.

Sh(sTxp,sTx,Tsz) (£) =1
whenever {x, } is a sequence in X such that gx,, = fx,, = z for some z € X.
Note that the semi-compatibility of the pair (S, 7), need not imply the semi-compatibility of (7, S).

The following is an example of a pair of self-maps (S, 7) which is compatible but not semi-compatible.
Further, it is also seen that the semi-compatibility of the pair (S, 7) need not imply the semi-compatibility of
(T.S).

Example 3.5. Let X = [0,1] and let (X, S, xk) be the S,-Menger space with

[[|x—z|+|y—z|12]_1

Spxy,z)(t) = {e t ,t>00 t=0 forallx,y,z€ X,t>0.

Example 3.6. Define self-maps S as follow:

N =

1
Sx) = {x, when 0 < x < > 1, when x>

Let 7 be the identity map on X and x,, = % - % . Then, {Ix,} = {x,} = % and {Sx,} = {x,} — % . Thus,
1 1

USxn} = (Sx} =3 #S(3).

Hence (1S) is not semi-compatible.

Again as (1, S) is commuting, it is compatible. Further, for any sequence {x,} in X such that {x,} — x and

{Sx, } — x, we have {SIx,} = {Sx,} = x = I x. Hence (SI) is always semi-compatible
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Example 3.7. Let X = [0,2] and (X, S;,, #) be an S,-Menger space, where the definition of * and S}, are same
as defined in example 3.3. Define self-maps A and G on X as follows.

AX) =1{2, if0< x<13,if1<x<2 G(x)={2 Jif x=12 , otherwise
and x,, = 2 —i ,n > 1. Then we have G(1) = A(1) =2 and G(2) = A(2) = 1. Also GA(1) = AG(1) =
1 and GA(2) = AG(2) = 2. Thus (4, G) is weak compatible. Again Ax,, = 1 — ﬁ ,Gx, =1 — —

10n’

Thus Ax,, - 1,Gx, = 1.

Hence u = 1.

Further, GAX, == —=— , AGx, = 2.

NoW Spacxy,a6x,,6w)(E) = Sp222)(®) =1

Sh(AGxAGx,GAx,) (£) = Sb(z,z%—ﬁ)(t)

t

BT

t

:—1_2<1 vit>0.

t+[=]?
Hence (4, G) is semi-compatible but it is not compatible.

Remark 3.8. The above example gives an important aspect of semi-compatibility as the pair of self-maps (15)
is commuting; hence it is weakly commuting, compatible and weak compatible yet it is not semi-compatible.
Further, it is to be noted that the pair (S, /) is semi-compatible but (/, S) is not semi-compatible here. The
following is an example of a pair of self-maps (A, S) which is semi-compatible but not compatible.

Definition 3.9. Let S and 7 be two self-maps of an S, —Menger space (X, S, *k ). We say that S and T satisfy
the property (E.A.) if there exists a sequence {x,} such that Sx,, = Tx,, = =z forsomez €X

Remark 3.10. Note that the weakly compatible and property (E.A.) are independent to each other. See the
following example

Example 3.11. Let (X, S}, xk ) be an S;,-Menger space where X = [0,1] and S, is defined as in 3.3. Defined
g.f:X - Xby

g(x) =1—=x,ifx €[0,5] and g(x) = 0,if x € ,1]

f@) =5, ifx €[0,7]and f(x) =2,if x € 5, 1]

Then, for the sequence {x,,} = E — %} ,n = 2. we have

s(-9-+ -G
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Thus, the pair (g, f) satisfies property (E.A). Further, g and f are weakly compatible since x = % is their
1

unique coincidence point and gf G) =g (—) f ( ) fg ( ) We further observe that

2

0/ =29/ G- 062 -
n n
_ t L 4
t+[2———|]2 t+ 512

showing that the pair (g, f) is noncompatible.

A Class of Implicit Relation: Let ¢ be the set of all real continuous functions ¢ : [R*]*— R, nondecreasing

in first argument and satisfying the following conditions.

! Foru,v = 0,¢(u,v,v,u) =2 0o0r ¢p(u,v,u,v) = 0impliesu>=>v .... (a)
2 ¢(u,v,1,1) = 0impliesthat u=1.............. (b)

Application of compatible maps and (E.A) property: As an application of weak compatible maps and the
property (EA), we prove the fixed-point theorem of Alam et.al [2] in S;,-Menger space.

Theorem 3.12: Let L, M, N and O be self-maps of an S, —Menger space (X, S, * k) satisfying the following
conditions:

LX)SCO0X),M(X)SNX);.coovnven.. (3.12.1)
(L,N)and (M, O) are weakly compatible pairs ................... (3.12.2)
(L,N) or (M, 0) satisfies the property (E.A) ; ....ccoovvvinininn.... (3.12.3)

For some ¢€ @, there exist k € (0,1) such that forall x,y € X,t > 0

¢ (Sb(Lx,Lx,My) (kt)' Sb(Nx,Nx,Oy) (t)' Sb(Lx,Lx,Nx) (t)' Sb (Ly,Ly,0y) (t)) =0..... (3 124)

If the range of one of the maps L, M, N or O is a complete subspace of X, then L, M, N and O have a unique
common fixed point in X.

Proof: I f the pair (M, O) satisfies the property (E.A) then there exist a sequence {x,} such that Mx, - z
and Ox,, - z for some z € X asn — oo.

Since M(X) S N(X),there exist in X a sequence {y,, }such that Mx,, € Nx,,.
Hence Ny, » zasn — oo.
Now we claim that Ly,, = z as n = co.Suppose Ly, = w(# z) € X, then by (3.12.4),
we have
D (Sb Ly Lynmrn) KO SbvynNyn0x0) (8 SoLyn LynNym) (E)r SbxpMxp,0x,) (£)) = 0
that is,
O (Sb Ly, Lymmxy) K, Shmx Mxn,0%7) E)s Sb(LymLynmxn) s SbMxyMxn,0x,) () = 0

As ¢ is nondecreasing in the first argument, we have
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D (SbLy,Lymay) E)s Somax My, 02,) E)s S Ly Lynmxn) (s Somxy Mxn,0x,) () = 0
Using (A), we get Sp(ry, 1ynmxn) (£) = Spmxn,mxn,0x,) ()
Letting n = 00,5, 2 (t) = 1 forall ¢ > 0.
Hence Spww (1) =1
Thus w = z.
This shows that Ly, - z asn — oo,
suppose that N (X) is complete subspace of X.
Then z = Nu for some u € X.
Subsequently, we have Ly,, - Nu,Mx, - Nu,0x, - Nuand Ny, - Nu asn — oo.
By (3.12.4), we have
O (Sb L tuma,) KE), Spnunu,0x,) () Shra,tunu) s Shma, Mxy,0x,) () = 0
Lettingn — oo
O (Sprwrunw (kt), 1, Sy, runu) (), 1) = 0
As ¢ is nondecreasing in the first argument, we have
O (Sprwrunw) (), L, Sprwrunw (£),1) = 0
By using (A), we get Sy (14, 1,8 (£) = 1 forall £ > 0.
Hence, Sp(zy,unw () = 1.
Thus, Lu = Nu.
The weak compatibility of L and N implies that LNu = NLu then LLu = LNu = NLu = NNu.
On the other hand, since L(X) € 0(X), there exists a v € X such that Lu = Ov.
we show that Ov = Mv.
By (3.12.4), we have
O (Sb L Lumv) k), Spvunw,ov) () Sbra,Lunw) (8 Sh(Mv,mv,0v) () = 0
that is ,
®(Spov,0vmv) k), 1,1, Spmvmv,00) () = 0
As ¢ is nondecreasing in the first argument, we have
D (Sp(ov,00,mv) (kt), 1,1, Spav,mv,00) (£)) = 0 [ As Spixxy) () = Sp(y,y,x) ()]
Using (a), we get Sp(ov,00,mp)(t) = 1 forall t > 0.

Hence,
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Sb(Ov,Ov,Mv) (t) = 1.
Thus, Mv = Ov.

This implies Lu = Nu = Ov = Mv. The weak compatibility of M and O implies that MOv = OMv and
then 0Ov = OMv = MOv = MMv.

Now, we will show that Lu is a common fixed point of L, M, N and O.

In view of (3.12.4) it follows
O (Sprwrruwmv) kL), Spvia,seurv) (€)s SptiwLruniw) ) Spvv,mv,00) (£)) = 0
that is,
O (SpLrwriuiw) k), Spriw i (), 1,1) = 0
As ¢ is nondecreasing in the first argument, we have
O (SpLrwriwiw) € SpLiwLiuiw (€, 1,1) = 0
Using (B), we get Sp(L1u,11u,00) (£) = 1 forall t > 0. Hence Spp 1y 112,10 (8) = 1
Thus LLu = Lu.

Therefore, Lu = LLu = NLu and Lu is a common fixed point of L and N. Similarly, we prove that Mv is a
common fixed point of M and O. Since Lu = Mv , we conclude that Lu is a common fixed point of
L,M,N and O . The proof is similar when O(X) is assumed to be a complete subspace of X. The cases in
which L(X) or M (X) is a complete subspace of X are similar to the cases in which O (X) or N (X) respectively,
is complete since L(X) € 0(X), M(X) € N(X).

Lu=Mu=0u=Nu=uand Lv = Mv = Nv = Ov = v then (3.12.4) gives
O (Sb L Lumv) (KE), Spvunw,ov) () Sbra,Lunw) (£ Sh(Mv,mv,0v) () = 0
that is ,
O (Spuuv) kt), Spauup (£),1,1) =0
sing (b), we get Sy, (t) = for all t> 0.
Hence, Spup) (t) = 1.
Thus, u = v.
Therefore, the common fixed point is unique.
The following example illustrates our result.
Example 3.13. Let (X, S, xk ) be an S,-Menger space as defined in example (3.2)
Defined L, M,N,0: X — X by
L(x) ={2, whenx =21, when 2 < x < 20

M(x) = {2, whenx =27, when 2 < x < 20
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N(x) ={2 whenx =26 when2 <x <10 (x —7) when 10 < x
< 20

0(x) ={2 whenx =23 when2 < x <10 (x — 3) when 10 < x
< 20

Then L,M,N and O satisfy all the conditions of theorem with k£ € (0, 1) and have a unique common fixed-point
x = 2. Clearly (L,N) and (M,0) are weakly compatible since they commute at their coincidence points. Let

sequence {x,} be defined as x,, = 10 + % ,n 21, then we haveM x,=M x,=7. Hence, M and O satisfy
the property (E.A.).
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